The purpose of this research is to propose a numerical method for the problem of the identification of the elastic coefficients in linear elastic wave field: Determine unknown Young's modulus and Poisson's ratio from the knowledge of the plural sets of simultaneous displacement and traction on the surface of an isotropic, linearly elastic bounded body. The elastic body is supposed to be a state of the plane strain. We assume that the density is known in the elastic body. In this research, the Lamé coefficients are identified instead of determining unknown Young's modulus and Poisson's ratio. To determine the unknown Lamé coefficients numerically, we adopt the adjoint numerical method. The minimizing problem with some constrains is introduced by using variational method. To find the minimum, a technique based on the projected gradient method is proposed. By numerical experiment, we discuss about the efficacy of our algorithm.
INTRODUCTION
In this paper, we consider the problem of coefficient identification in linear elastic wave field in two dimensions in space. We assume that the elastic body is in a state of the plane strain.
Let Ω ⊂ R 2 be a cross section of an isotropic, linearly, elastic bounded body with smooth boundary ∂Ω. We denote by u i the i-th component of the displacement [m] (i = 1, 2), by ε ij and σ ij the ij-th component of the strain and the stress respectively. The compatibility equations relating the displacement to the strains and the constitutive equations representing Hooke's law are described by
respectively. Here ', j' stands for ∂/∂x j . We denote by E and ν Young's modulus [Pa] and Poisson's ratio respectively. Einstein's summation convection is used for repeated indices. The equations of motion are written by
where '˙' means ∂/∂t and ρ [kg/m 3 ] is the density. T means the length of observation time [s] . We assume that Young's modulus E and Poisson's ratio ν belong to L ∞ (Ω) and satisfy the conditions
for all x ∈ Ω. Here C
(k)
E and C (k) ν (k = 1, 2) are the given positive constants. Moreover we assume that the density ρ(x), the initial displacement u i (·, 0)| Ω = f i , and the initial velocitẏ u i (·, 0)| Ω = g i are given.
The inverse problem in elastic wave field have been studied by several people 5) . In this research, we consider about the following problem: Determine unknown Young's modulus E and Poisson's ratio ν from the knowledge of the plural sets of simultaneous surface displacement u The purpose of this study is to present a numerical algorithm for our inverse problem. However, it is difficult to identify Poisson's ratio be- cause the constitutive equations are nonlinear concerned with ν. Here we know that Young's modulus and Poisson's ratio can be represented by using the Lamé coefficients λ and μ as follows:
From these relations, we notice that Young's modulus and Poisson's ratio can be determined by identifying the Lamé coefficients. Moreover the constitutive equations are rewritten as
This relation is linear concerned with each Lamé coefficient. Therefore, we consider about a numerical algorithm to identify the unknown Lamé coefficient in this paper. Moreover we notice that the Lamé coefficients satisfy the following conditions:
for all x ∈ Ω. Here C 
The condition (7) about λ has stronger meaning than the conventional one in linear elastic theory 3) , but it is obtained naturally from (4). To determine the unknown Lamé coefficients numerically, we make use of the adjoint numerical method 8) . This method is often employed for solving the inverse boundary value problem in control theory 4) . We apply this method to the problem of the Lamé coefficient identification. We introduce an object functional to be minimized, then our problem is recast to a variational problem. We propose a numerical algorithm based on the projected gradient method in order to find the minimum value of the functional. We confirm the effectiveness of our algorithm by numerical experiments.
ADJOINT NUMERICAL METH-OD
(1) Objective functional and the projected gradient method We denote by u 
where
We notice that (λ, μ) is the solution to our inverse problem if J(λ, μ) = 0 and the constrained conditions (7) are satisfied.
To find the minimum value of the functional J, we employ the projected gradient method 6),7) :
Here
The function J λ [λ, μ] means the first variation of the functional J in the direction to λ, defined by
322s
. The function
also means the first variation of the functional J in the direction to μ, defined by
The constant α l is a suitable step size which satisfies 0 < α l ≤ 1. In order to use this method, we require concrete expression of the first variations J λ and J μ .
(2) Directional derivative and search direction We attempt to get the concrete expressions of the first variations J λ [λ, μ] and J μ [λ, μ] . For this purpose, we obtain the directional derivatives of the functional J, defined by
(18) We know that the directional derivatives
if they are continuous with respect to h λ and h μ , respectively. We get the directional derivative J W, λ [λ, μ] h λ . We assume that λ and μ satisfy the condition (7). We pick up ζ ∈ R and the function h λ which λ + ζh λ satisfy the condition (7). The functions δu 
From simple calculation, we have
To analyze the right hand side of (25), we introduce the function v (m) i which is the i-th component of the solution to the initial-boundary value problem 
(27) Then, from (25) and δσ
, we have
From the Gauss divergence theorem and ρδu
for each m. Moreover, from Hooke's laws, we have
for each m. Therefore, we can get the following 323s relation:
By substituting this relation to (29), we obtain
(·, T ) = 0, and ρv
Moreover, by applying the Gauss divergence theorem to the second term of the above relation,
Therefore, from (32), we have
From (28), we can get
Hence we have
Under the appropriate assumptions, we can guarantee that
for each m. Here we denote by the function U 
and
Therefore, we can get the directional derivative J W,λ [λ, μ] h λ as follows:
In similar way, we can get the directional derivative in direction to μ:
To get the concrete expressions of the first variations, we need to calculate the second terms in the right hand side of the directional derivatives.
However it is difficult to analyze these terms further. Consequently we introduce the functions
From the principle of superposition in linear partial differential equation, we know that
Hence,
From this result, we solve N sets of the initialboundary value problems (41) 
NUMERICAL EXPERIMENTS
In this section, we show two numerical examples about our algorithm; one is the case of smooth Lamé coefficients, the other is the case of discontinuous Lamé coefficients. In the previous section, we use the Gauss divergence theorem to obtain the directional derivatives. In this theorem, the coefficients are assumed theoretically to be smooth in the whole domain 3) . We notice that the directional derivatives in this paper can be guaranteed theoretically if the coefficients are smooth in the whole domain. Therefore we do the numerical experiment for the smooth coefficients.
Moreover we show the numerical experiment for the discontinuous coefficients to discuss the possibility of our algorithm for the practical problem. 
ν(x) = −0.05e
where |x| := x 2 1 + x 2 2 . The exact Lamé coefficients are obtained by using (8) (see Figs.2 and  3) .
The initial displacements and velocities are set as f μ are calculated by using these given constants. We utilize the speed of transverse wave on the boundary as the representative speed η, namely,
(59) The length of time is given by
The boundary values for this example are generated by solving numerically the linear elastic problems with the traction
(63) In order to solve this problem numerically, we make use of the Newmark method 2) for time integration with linear triangular finite elements (6224 FE) in space. Calculated values on the circle with the radius of L = 1 are used for the We assume that λ 0 (x) = λ| ∂Ω and μ 0 (x) = μ| ∂Ω in the whole domain. After 200 times of iterations, we have the calculated Lamé coefficients as shown in Figs.4 and 5. Figures 6 and 7 show the distribution of the relative error for calculated λ and μ, respectively. The maximum value of the relative error for calculated λ is about 10.91%. The maximum value of the relative error for estimated μ is about 9.07%. These results show that the distribution of the calculated coefficients are in good agreement with the exact ones. However the accuracy of the calculated values is not enough. Figure 8 shows the graph of the nondimensionalized functional J(λ l , μ l )/(ρ 2 η 4 L 2 ). From this figure, we know that the speed of convergence of our algorithm is slow. It is the reason that the convergence speed of the projected gradient method is not fast in general situation. We must adopt another iterating method to get high resolution for our problem. Moreover we have to discuss theoretically the influence of the terms of the directional derivatives which are not used to set the search direction. 
where |x| ∞ := max{|x 1 |, |x 2 |}. Therefore the exact Lamé coefficients are given by
as shown in Figs.9 and 10. In this example, we imagine the elastic body is constructed with a soft material (e.g. copper) included a hard material part (e.g. steel).
The initial displacements and velocities are supposed to be given by f In the same way to the previous example, cal- The maximum values of the relative error for λ and μ are about 15.49% and 10.84%, respectively. These figures show that the distribution of the calculated coefficients are in good agreement with exact ones, but the accuracy of the calculated values is not good. From these results, it is possible that our algorithm can be applied to the practical problem.
CONCLUSIONS
In this paper, we considered the numerical algorithm for the problem of coefficient identification in linear elastic wave field in two dimensions in space. We assume that the elastic body is in a state of the plane strain. The measured data are supposed to be given by the plural sets of simultaneous surface displacement and traction on the whole boundary. We determine the Lamé coefficients in order to find unknown Young's modulus and Poisson's ratio. To identify numerically the unknown Lamé coefficients, we make use of the adjoint numerical method. The problem is reformulated as minimization of two variables functional with constraints. In order to find the minimum value of the functional, the algorithm based on the projected gradient method is proposed. The search direction is obtained by using a part of the directional derivative of the functional. By numerical experiments, we confirm that our algorithm is effective for identifying the distribution of the unknown coefficients. However the accuracy of the calculated values is not enough. We must modify our algorithm to get high resolution for our problem by studying the high performance method in nonlinear optimization and the search direction.
In our method, we can not guarantee theoretically the existence of the directional derivatives if the coefficients are not smooth functions. We will investigate theoretically in the future about the existence of the directional derivatives for the nonsmooth coefficients.
